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The Brownian motion of a particle in a harmonic potential, which is simultaneously exposed either to a
linear shear flow or to a plane Poiseuille flow is investigated. In the shear plane of both flows the probability
distribution of the particle becomes anisotropic and the dynamics is changed in a characteristic manner com-
pared to a trapped particle in a quiescent fluid. The particle distribution takes either an elliptical or a parachute
shape or a superposition of both depending on the mean particle position in the shear plane. Simultaneously,
shear-induced cross-correlations between particle fluctuations along orthogonal directions in the shear plane
are found. They are asymmetric in time. In Poiseuille flow thermal particle fluctuations perpendicular to the
flow direction in the shear plane induce a shift of the particle’s mean position away from the potential
minimum. Two complementary methods are suggested to measure shear-induced cross-correlations between
particle fluctuations along orthogonal directions.
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I. INTRODUCTION

The Brownian motion of particles in a fluid is of central
importance in chemical and biological physics as well as in
material science and engineering �1–4�. Despite the long his-
tory of Brownian motion, especially in quiescent fluids, our
understanding of thermally induced particle dynamics in
flows is still far from complete.

Moreover, neutral colloidal particles moving relatively to
each other interact via the fluid and these hydrodynamic in-
teractions can cause a complex collective behavior �2–6�. In
shear flows little is known about the dynamics of Brownian
particles and the hydrodynamic interaction effects in spite of
their fundamental relevance and importance in microfluidic
applications. The Taylor dispersion �7� and fluid mixing is-
sues �4,8� are well-known examples where fluctuations of
particles and their hydrodynamic interaction effects in simple
shear and Poiseuille flow play an important role. The inter-
play of shear gradients and thermal motion of polymers
leads, even at low values of the Reynolds number, to the rich
dynamics of polymers �9�, the so-called molecular individu-
alism �10�. Polymers tumbling in a shear flow cause elastic
turbulence even in diluted polymer solutions �11� and spec-
tacular mixing properties �8� in microchannels.

In shear flows, it is the contribution �u ·��u of the flow
field u�r� to the Navier-Stokes equation which causes inter-
esting transient phenomena near the onset of turbulence �12�,
as well as amplifications of velocity fluctuations and their
cross-correlations along and perpendicular to straight stream-
lines �13,14�. A cross-correlation is also expected between
orthogonal particle fluctuations in the shear plane, because
random jumps of a particle between neighboring streamlines
of different velocity lead to a change in the particle’s velocity
and displacement along the streamlines, similar as via fluc-
tuations. Nevertheless, there was no direct observation of
these cross-correlations until recently �15�. Here we present
the theoretical background for their determination.

The stochastic dynamics of free single spherical particles
in linear shear flows have been studied in terms of the

hydrodynamic fluctuation theory �16�, and in combined
Langevin and Fokker-Planck approaches, by taking inertia
into account �17–19�. Even effects of nonequilibrium ther-
modynamics were included in Ref. �20�. Experiments for
detecting shear-induced cross-correlations between perpen-
dicular random displacements of free particles were de-
scribed in Refs. �21,22�. Shear-induced cross-correlations be-
tween perpendicular fluid-velocity fluctuations and
perpendicular fluctuations of particles are expected to be
strongly asymmetric in time �13,18,23�. In dynamic light-
scattering experiments certain aspects of this issue were ob-
served indirectly �24�, however, a direct measurement and
characterization of related particle fluctuations in shear flows
remained an open question.

Direct observations of particle fluctuations at the mesos-
cale became possible only quite recently by using optical
tweezers. This rather young technique is a powerful experi-
mental method for investigating the motion of a small num-
ber of particles �25–27�, which contributes substantially to
our understanding of the dynamics of particles and to a num-
ber of innovative applications. These include the inspiring
studies on single polymers �28–35�, the detection of anticor-
relations between hydrodynamically interacting Brownian
particles by Femto-Newton measurements �36�, the propaga-
tion of hydrodynamic interactions �37�, wall effects on
Brownian motion �38,39�, short-time inertial response of vis-
coelastic fluids �40�, two-point microrheology �41�, anoma-
lous vibrational dispersion �42�, particle sorting techniques
�43–46�, and a number of further investigations in microflu-
idics. The laser tweezer technique has also been applied to
determine the force elongation relation of biopolymers �47�
or the effective pair potential in colloidal suspensions �48�.

Stochastic motions of a free particle moving along the
streamlines of a sheared fluid and of a particle trapped in the
minimum of a potential, while exposed to a shear flow, have
common characteristic signatures. Since the trapped particles
are more suited for a thorough statistical analysis of its
Brownian dynamics, we present calculations for particles
trapped by a harmonic potential and exposed to either a lin-
ear shear flow or to a plane Poiseuille flow. Our analytical
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results show that shear flow causes characteristic signatures
in the time dependence of the cross-correlation between par-
ticle displacements along orthogonal directions in the shear
plane as well as an inclined elliptical particle distribution.
Part of these results have already been applied and confirmed
in a recent experimental study �15�.

For our calculations, we utilize a Langevin model for the
particle motion, where stochastic forces with different statis-
tical properties may be used. Stochastic forces acting on sus-
pended Brownian particles are caused by velocity fluctua-
tions of the surrounding fluid. In a quiescent fluid the
fluctuations of orthogonal velocity components are uncorre-
lated in the bulk �49�. Assuming such uncorrelated fluid-
velocity fluctuations, and therefore uncorrelated stochastic
forces in the particle Langevin model, we show how shear
flow induces cross-correlations between particle fluctuations
along orthogonal directions. Conversely, we show how the
amplitudes of the stochastic forces acting on the particle can
be determined by measuring the static correlations of the
particle fluctuations.

In Sec. II the model equations of the Brownian particle
motion and their formal analytical solutions are presented.
The static correlation functions for the particle’s position and
velocity fluctuations are derived in Sec. III, where also the
corresponding distributions are calculated in terms of the
static correlations and under the assumption of Gaussian par-
ticle fluctuations. In addition, the ratio between the principal
axes of both distributions are determined as well as the angle
enclosed by each major axis and the flow direction. In Poi-
seuille flow the second derivative of the flow profile, as well
as the fluctuations perpendicular to the flow lines, cause a
shift of the particle’s mean position in the potential via
�u�r��0. The latter contribution is usually not taken into
account, if the effective particle radius is determined via
Faxén’s law from the particle displacement. In Sec. IV we
present and discuss these results for the special cases of lin-
ear shear flow and plane Poiseuille flow. In addition, we
compare the analytical results with numerical simulations of
the Langevin equation given in Sec. II and we suggest ex-
periments to measure some of the flow-induced effects de-
termined in this work. The article closes with a discussion
and possible further applications in Sec. V.

II. EQUATIONS OF MOTION AND THEIR SOLUTIONS

We consider a Brownian particle of mass m and effective
radius R suspended at the position r= �x ,y ,z� in a flow field
with parallel streamlines in the x-direction, u�r�=ux�y�êx. We
assume a velocity field

ux�y� = �a + by + cy2� , �1�

which corresponds for b=c=0 to a uniform flow, for a=c
=0 to a linear shear flow with shear rate b, and for c=− a

l2 ,
b=0 to a plane Poiseuille flow between two parallel walls at
a distance 2l. The particle is trapped by a harmonic potential
with its minimum at r0= �x0 ,y0 ,z0�= �0,0 ,0�,

U�r� =
k

2
r2. �2�

The resulting linear restoring force is given by

Fp = − �U = − kr , �3�

in terms of the force constant k. Such a potential acting on a
colloidal particle may be realized by an optical tweezer �25�.

A particle moving with the speed v= ṙ in a flow of veloc-
ity u experiences, according to Stokes’ law, a hydrodynamic
drag force Fh=6��R�u−v� proportional to the effective ra-
dius R, to the shear viscosity � and to the difference u−v
between the velocity of the particle and the local flow veloc-
ity �49,50�. If the flow velocity u�r� is a nonlinear function
of the spatial coordinates, as in the case of a plane Poiseuille
flow in Eq. �1�, one has according to Faxén’s theorems �51�
an additional contribution to the drag force. This contribution
includes the Laplacian of the velocity field and has in terms
of the Stokes friction coefficient, �=6��R, the form

Fh = − ��ṙ − u�r� −
R2

6
�u�r�� . �4�

The Laplacian of the flow field in Eq. �1�, with the abbrevia-
tion ā=a+ R2

3 c, gives the following expression for the hydro-
dynamic drag force,

Fh = − �ṙ + ��ā + by + cy2�êx. �5�

The stochastic motion of a Brownian particle is caused by
the fluctuations ũ of the fluid-velocity field u�r , t� �52�. The
effects of ũ on a particle can be taken into account in a
Langevin model by a random force Fb�t�. In uniform flows,
namely with b=c=0 in Eq. �1�, the cross-correlations of the
velocity fluctuations of the fluid, �ũiũj�, lead to a vanishing
cross-correlation of the random forces, �Fi

bFj
b�=0, �i� j�.

The shear-induced contributions to ũi and Fi
b are a matter of

current research �13,14�.
In our model we assume a Gaussian distribution of Fb�t�

with vanishing correlation time and mean value

�Fi
b�t�� = 0,

�Fi
b�t�Fj

b�t��� = f ij��t − t�� and i, j � x,y,z . �6�

For the moment we leave the fluctuation matrix f ij unspeci-
fied, except to note that, according to time-translation and
time-reversal invariance, it is symmetric. In uniform flows,
namely, with b=c=0 in Eq. �1�, the matrix f ij is diagonal
with f ii=2kBT� �53� as mentioned before, whereas in a shear
flow the magnitude of the nondiagonal elements of f ij de-
pends on the shear rate, but shear-induced contributions are
expected to be small �13,16,23�. However, we allow nondi-
agonal elements of f ij for the moment to show in Sec. IV
how these nondiagonal elements may be determined by mea-
surements of the velocity fluctuations of the particle.

The net force acting on the particle,
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F = Fh + Fp + Fb�t� , �7�

together with Newton’s law gives the Langevin equations of
motion for the translational degrees of freedom of the par-
ticle

mẍ = − �ẋ − kx + ��ā + by + cy2� + Fx
b�t� , �8a�

mÿ = − �ẏ − ky + Fy
b�t� , �8b�

mz̈ = − �ż − kz + Fz
b�t� . �8c�

Introducing the vectors X= �x ,vx�, Y= �y ,vy�, and Z= �z ,vz�
one may express the second order differential Eq. �8� in
terms of a system of coupled first-order equations

Ẋ = LX +
Fx

b�t�
m

êv + 2��ā + by + cy2�êv, �9a�

Ẏ = LY +
Fy

b�t�
m

êv, �9b�

Ż = LZ +
Fz

b�t�
m

êv. �9c�

Herein we have introduced the matrix

L = � 0 1

− �2 − 2�
� , �10�

the damping constant �= �
2m , the squared frequency �2= k

m
and the velocity unit-vector êv= �0,1�. The rotational motion
of the particle, which may provide further corrections to the
leading order fluctuation effects discussed here, is not taken
into account in this work.

The general solutions of the equations of motion �9� in
terms of the initial conditions X�0�, Y�0�, and Z�0� are given
by

X�t� = eLtX�0� + 	
0

t

d	eL�t−	�Fx
b�	�
m

êv

+ 2�	
0

t

d	eL�t−	��ā + by + cy2�êv, �11a�

Y�t� = eLtY�0� + 	
0

t

d	eL�t−	�Fy
b�	�
m

êv, �11b�

Z�t� = eLtZ�0� + 	
0

t

d	eL�t−	�Fz
b�	�
m

êv. �11c�

This system of coupled equations is the starting point of the
following analysis, where the statistical properties of the par-
ticle’s motion are characterized by the correlations of its po-
sition and velocity.

III. DISTRIBUTION FUNCTIONS AND STATIC
CORRELATIONS

By taking the averages of Eq. �11� and using the vanish-
ing mean of the stochastic forces in Eq. �6� we see that the

mean velocity of a particle in a harmonic potential vanishes,
�v�=0. In the case r0=0 the mean value of the deviations of
the particle’s position from the potential minimum in the
directions perpendicular to the flow vanish too, �y�= �z�=0.
However, the mean particle displacement in the direction of
the flow given by Eq. �1� is nonzero

�x� =
�

k
ā +

fyy

2k2c . �12�

This equation is discussed in more detail in Sec. IV for spe-
cific flows. Since the spring constant k of the potential enters
in different powers in Eq. �12�, this formula might be em-
ployed for the experimental determination of the effective
fluctuation magnitude fyy.

With a combination of the coordinates of the particle and
its velocities to a single six-dimensional vector, q= �r ,v�
= �x ,y ,z ,vx ,vy ,vz�, the probability distribution function of
the particle, P�q�, may be formulated in a compact form in
terms of the deviations q̃=q− �q�= �x̃ , ỹ , z̃ , ṽx , ṽy , ṽz� from
the mean value �q�. If the fluctuations q̃ are linear functions
of Gaussian distributed stochastic forces, which is the case
for uniform and linear shear flows, they can be expected to
be themselves Gaussian variables �54� and can be described
by a Gaussian distribution as follows:

P�q̃� =
1


�2��6det�C�
exp�−

1

2
q̃TC−1q̃� . �13�

Here the covariance matrix C= �q̃q̃T� is used, which includes
second-order moments for the coordinates and the velocities
at equal times �static correlations�. The magnitudes of the
elements Cij depend on the correlation amplitudes of the sto-
chastic forces, f ij, and can be measured in experiments. Con-
sequently, one may reconstruct the stochastic forces from the
measurements, as discussed later.

For Poiseuille flow the relations between particle fluctua-
tions and stochastic forces are nonlinear due to the contribu-
tion 
cy2 in Eq. �11a�. Therefore, the particle distribution
P�q̃� is not necessarily Gaussian. However, in the course of
this work we use the formula in Eq. �13� also for particles in
a potential, which are exposed to a Poiseuille flow, but with
the covariance matrix Cij now determined in terms of the
parameters for the Poiseuille flow. The validity of this heu-
ristic approach will be tested later in Sec. IV B by numerical
simulations.

A. Covariance matrix and angular momentum

The covariance matrix C consists of four 3�3 submatri-
ces

C = �Crr Crv

Cvr Cvv
� , �14�

that describe the autocorrelation for the positions Crr and
velocities Cvv and their cross-correlations Cvr and Crv at
equal times. The matrices
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Crr = ��x̃2� �x̃ỹ� 0

�ỹx̃� �ỹ2� 0

0 0 �z̃2�
� , �15a�

Cvv = � �ṽx
2� �ṽxṽy� 0

�ṽyṽx� �ṽy
2� 0

0 0 �ṽz
2�
� , �15b�

Crv = Cvr
T = � 0 �x̃ṽy� 0

�ỹṽx� 0 0

0 0 0
� , �15c�

may be calculated in terms of the expressions given by Eq.
�11�.

Under the Gaussian assumption, the four-point correla-
tions of the stochastic forces, which occur due to the qua-
dratic contribution y2 of the flow in Eq. �11a�, can be decom-
posed into two-point correlation functions according to
Wick’s theorem �54�:

�Fi
b�t1�Fj

b�t2�Fk
b�t3�Fl

b�t4�� = f ij fkl��t2 − t1���t4 − t3�

+ f ikf jl��t3 − t1���t4 − t3�

+ f ilf jk��t4 − t1���t3 − t2� .

�16�

Introducing the relaxation time of the particle in a harmonic
potential

	p =
�

k
, �17�

the nonzero components of the covariance matrices may be
written in terms of the amplitudes of the stochastic forces
and the flow parameters by the following set of equations:

�ṽy
2� =

1

4

fyy

m2�
, �ỹ2� =

�ṽy
2�

�2 , �18a�

�ṽz
2� =

1

4

fzz

m2�
, �z̃2� =

�ṽz
2�

�2 , �18b�

�ṽxṽy� = �ṽyṽx� =
1

4

fxy

m2�
, �18c�

�x̃ỹ� = �ỹx̃� =
�ṽxṽy�

�2 +
1

2
b	p�ỹ2� , �18d�

�x̃ṽy� = − �ỹṽx� = −
b

2
�ỹ2� , �18e�

�ṽx
2� =

1

4

fxx

m2�
+

1

2
b2�ỹ2� +

8c2	p
2�2

3�1 + 2	p
2�2�

�ỹ2�2, �18f�

�x̃2� =
�ṽx

2�
�2 + 	pb�x̃ỹ� +

2

3
	p

2c2�ỹ2�2. �18g�

The nondiagonal elements of Cvv, namely, the correlations of
the velocity fluctuations of the particle, �ṽxṽy� and �ṽyṽx�, are
directly proportional to the amplitude fxy of the fluctuations
given by Eq. �6�. In contrast to this result for a fluctuating
particle in a potential, one finds for a free particle in shear
flow finite values for the cross-correlations �ṽxṽy� and �ṽyṽx�
even in the case fxy =0 �18�. However, as shown appendix A,
in the presence of a harmonic potential these correlations
decay on a time scale 1 / �2��, which is very short for an
overdamped particle motion. In the case of a weak laser
tweezer potential the particle relaxation time 	p=� /k be-
comes rather large and one obtains according to Eqs. �A8�
and �A10� for fxy =0 a contribution to the velocity correlation
�ṽx�t�ṽy�t��
exp�−2t /	p�fyy, which decays slowly and gives
in the limit of a vanishing potential �k→0,	p→�� a con-
stant contribution to the velocity-velocity correlation, which
agrees with that in Ref. �18� for a free particle, cf. Appendix
A. Therefore, finite values of �ṽxṽy� and �ṽyṽx� measured for
particles trapped in a potential are a direct indication of
cross-correlations of the stochastic forces along orthogonal
directions, �Fx

bFy
b��0.

For b�0 the contributions to the nondiagonal elements
�x̃ỹ� and �ỹx̃� of the positional correlations Crr, which are
related to fxy 
b, are expected to be small �14,23�. For this
reason fxy is neglected in the following. Both positional
cross-correlations �x̃ỹ� and �ỹx̃� are proportional to the local
shear rate b and to the fluctuation strength fyy in the y direc-
tion, cf. Eq. �18d�.

The autocorrelation of the velocity fluctuations �ṽx
2� in the

flow direction includes several contributions. It depends on
the shear rate, the second derivative of the flow and the fluc-
tuation strength fxx and fyy. The cross-correlations between
velocity and position appear only in the shear plane and they
are proportional to the local shear rate.

The submatrices Cvr and Crv, describing the cross-
correlations between the positional and the velocity fluctua-
tions, are related to the mean angular momentum of the par-
ticle

��mr � v�z� = m�x̃ṽy − ỹṽx� = − mb�ỹ2� . �19�

B. Distribution of position and velocity

Integrating the particle distribution function P�q̃� in Eq.
�13� with respect to its velocity degrees of freedom one ob-
tains the particle’s positional distribution function P�r̃�,
which may be expressed in terms of the covariance matrix
Crr as follows:

P�r̃� =	 dṽP�q̃� =
1


�2��3det�Crr�
exp�−

1

2
r̃TCrr

−1r̃� .

�20�

A sketch of the distribution P�r̃� is shown in Fig. 1 for a
linear shear flow b�0 and a=c=0. The nondiagonal ele-
ments of the symmetric matrix Crr, cf. Eq. �15a� and �18�,
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describe the cross-correlations of the particle fluctuations in
the x and y direction and therefore the deviation of P�r̃� from
a spherically symmetric distribution to an ellipsoidal one in
the shear plane. The principal axes of the particle’s positional
distribution are given by the eigenvectors wp;1,2,3 of the cor-
responding eigenvalues cp;1,2,3 of the matrix Crr.

In the z-direction one has cp;3= �z̃2� and wp;3= �0,0 ,1�.
For the other two directions in the xy shear plane one obtains

cp;1,2 =
1

2
��x̃2� + �ỹ2�� 

1

2

4�x̃ỹ�2 + ��x̃2� − �ỹ2��2,

wp;1 = � cp;1 − �ỹ2�
�x̃ỹ�

,1,0� ,

wp;2 =
�x̃ỹ�
�x̃ỹ�

�− 1,
cp;1 − �ỹ2�

�x̃ỹ�
,0� . �21�

With the orthogonal transformation matrix

D = �wp;1,wp;2,wp;3� , �22�

the r̃-dependence of the exponential function �20� can be
rewritten as follows:

−
1

2
r̃TCrr

−1r̃ = −
1

2
�DTr̃�Tdiag�cp;1

−1 ,cp;2
−1 ,cp;3

−1 ��DTr̃� . �23�

The eigenvalues cp;1 and cp;2 determine the length of the
principal axes dp;1,2=
cp;1,2 along the directions wp;1 and
wp;2 of an ellipse, where the longer one is rotated counter-
clockwise with respect to the x-axis by an angle �p, which is
given by the expression

tan �p =
�x̃ỹ�

cp,1 − �ỹ2�
=

1

2
� �x̃ỹ�

�x̃ỹ�

4 + � �x̃2� − �ỹ2�

�x̃ỹ�
�2

− � �x̃2� − �ỹ2�
�x̃ỹ�

�� . �24�

The ratio between the minor and the major axis is given by

Vp ª
cp;2

cp;1
= � �x̃2� + �ỹ2� − 
4�x̃ỹ�2 + ��x̃2� − �ỹ2��2

�x̃2� + �ỹ2� + 
4�x̃ỹ�2 + ��x̃2� − �ỹ2��2�1/2

.

�25�

Analogous to the particle distribution given above, one can
also derive an expression for the probability distribution

P�ṽ� of the particle’s velocity, which is obtained by integrat-
ing out the positional degrees of freedom in Eq. �13�

P�ṽ� =	 dr̃P�r̃, ṽ� =
1


�2��3det�Cvv�
exp�−

1

2
ṽTCvv

−1ṽ� .

�26�

The eigenvalues cv;1,2,3 and eigenvectors wv;1,2,3 of Cvv are
determined in a similar manner as for Crr. Again the eigen-
value cv;3= �ṽz

2� and the principal axis wv;3= �0,0 ,1� perpen-
dicular to the shear plane are obvious. The remaining two
eigenvalues and eigenvectors are

cv;1,2 =
1

2
��ṽx

2� + �ṽy
2�� 

1

2

4�ṽxṽy�2 + ��ṽx

2� − �ṽy
2��2,

wv;1 = � cv;1 − �ṽy
2�

�ṽxṽy�
,1,0� , �27�

wv;2 =
�ṽxṽy�
�ṽxṽy�

�− 1,
cv;1 − �ṽy

2�
�ṽxṽy�

,0� . �28�

They have the same structure like those for the covariance
matrix Crr. However, while the nondiagonal elements of Crr
are directly proportional to the local shear rate b, the nondi-
agonal elements of Cvv and therefore the angle enclosed be-
tween the principal axis of the distribution of the velocity
fluctuations and the x axis,

tan �v =
�ṽxṽy�

cv,1 − �ṽy
2�

=
1

2
� �ṽxṽy�

�ṽxṽy�

4 + � �ṽx

2� − �ṽy
2�

�ṽxṽy�
�2

− � �ṽx
2� − �ṽy

2�
�ṽxṽy�

�� , �29�

depends only weakly on the local shear rate, since the con-
tribution of b to the shear-induced cross-correlation fxy is
small in magnitude, compared to f ii �14,23�. From a mea-
surement of the distribution of the particle’s velocity one
may calculate the eigenvalues cv;1,2 and the angle �v, which
may enable the determination of the stochastic force correla-
tions fxx, fyy, and fxy.

The mean kinetic energy of a trapped particle in shear
flow is composed of two contributions, one induced by the
distribution of the fluctuations and an additional one by vir-
tue of the rotational part of the flow

Ekin =
m

2
�ṽx

2 + ṽy
2 + ṽz

2� =
1

4

fxx + fyy + fzz

m2�
+

b2

2
�ỹ2�

+
8

3
c2 	p

2�2

1 + 2	p
2�2 �ỹ2�2. �30�

If the correlations of the stochastic forces are assumed to be
independent of the flow, the mean energy of the particle will
be increased by the flow, since all terms in this equation are
positive. But without knowing the explicit expressions for
the force correlations, it is not clear how the energy is really
changed. Recent calculations show that the mean kinetic en-
ergy of a fluid without an immersed particle increases in a

φ

d2

d1

FIG. 1. The elliptical particle distribution in the xy shear plane
is sketched for a nonzero shear rate. d1 and d2 are the two principal
axes of an ellipse along which P�r̃� is constant. The Gaussian pro-
files along the two principal axes are also indicated.
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shear flow �55,56�. This indicates that the stochastic forces
and the particle’s mean energy, Eq. �30�, may be amplified as
well.

IV. RESULTS FOR SPECIFIC FLOWS

The results concerning the effects of a linear shear and a
plane Poiseuille flow on the Brownian motion of a particle in
a harmonic potential are presented in this section. Namely,
the properties of the correlation functions and the particle’s
distribution are analyzed as a function of the flow param-
eters. They share common trends for both flows but there are
also some characteristic differences, which are described in
this section.

A. Linear shear flow

If the center of the harmonic potential at r0= �0,y0 ,0�
does not coincide with the center of the linear shear flow of
shear rate �̇, we may insert in Eq. �1� y=y0+ ỹ, where ỹ
describes the deviation from y0. Consequently, in terms of
the coordinates ỹ, the three coefficients in Eq. �1� take the
following form

b = �̇, a = ā = �̇y0 and c = 0. �31�

In the case y0�0 the flow velocity has a finite value at the
center of the trap resulting in a nonzero mean position of the
particle in flow direction, which is given via Eq. �12� by the
formula

�x� = �̇	py0. �32�

With the identifications �31� the elements of the covariance
matrix C for the particle fluctuations around the potential
minimum may be determined for a linear shear flow by Eq.
�18� in terms of the noise amplitudes fxx, fxy, and fyy.

An interesting question is how to detect the noise ampli-
tudes f ij in terms of the measured autocorrelations and cross-
correlations of the particle’s position- and velocity fluctua-
tions. According to Eq. �18c� there is a direct relation
between the velocity correlation �ṽxṽy� and the noise magni-
tude fxy. Therefore, a direct measurement of this velocity
correlation, if experimentally possible, would give fxy, or, the
other way around, a nonzero value of fxy �0 is required in
order to obtain nonzero values of the cross-correlations be-
tween these orthogonal velocity components.

As already mentioned in the introduction, it is favorable
to investigate the particle fluctuations around a potential
minimum rather than those of free particles since trapped
particles can be investigated over a long period of time, as
demonstrated by several experiments, see e. g., Ref. �36�.
This opens the opportunity for the determination of the mag-
nitudes of the noise f ij in terms of the positional fluctuations
via Eq. �18�, which in the case of a linear shear flow take the
following explicit form

fyy = 2k��ỹ2� , �33a�

fxy = 2k���x̃ỹ� −
1

2
�̇	p�ỹ2�� , �33b�

fxx = 2k���x̃2� −
1

2

�̇2

�2 �ỹ2� − �̇	p�x̃ỹ�� . �33c�

In the case of isotropic stochastic forces with negligible
cross-correlations, fxx= fyy and fxy 
 �ṽxṽy��0, one has in a
linear shear flow still a nonvanishing positional cross-
correlation �x̃ỹ�= �̇	p�ỹ2� /2. Its magnitude is determined by
the shear rate �̇ and the noise strength via �ỹ2�. According to
this behavior and because �x̃2�� �ỹ2�, we expect an aniso-
tropic distribution of the positional fluctuations P�r̃�, as
sketched in Fig. 1 and as discussed below. For fxy �0 the
anisotropy of the positional distribution has an additional
contribution that depends on the magnitude of fxy.

During the rest of the present Sec. IV A inertia effects are
neglected and in addition, we assume an isotropic noise dis-
tribution with fxy = fyx=0 and fxx= fyy = fzz=2kBT�. Both are
good approximations for many experiments focusing on
leading order effects of a shear flow on the fluctuations of
particles. Taking into account the time dependence of the
positional fluctuations, as given by Eq. �11�, one obtains in
terms of the dimensionless Weissenberg number,

Wi = 	p�̇ , �34�

and the Heaviside step function ��t� the following time-
dependent correlations:

�x̃�t�x̃�0�� =
kBT

k
�1 +

Wi2

2
�1 +

t
	p
��e−t/	p, �35a�

�ỹ�t�ỹ�0�� = �z̃�t�z̃�0�� =
kBT

k
e−t/	p, �35b�

�x̃�t�ỹ�0�� =
kBT

k

Wi

2
�1 + 2

t

	p
��t��e−t/	p. �35c�

The cross-correlation between fluctuations along orthogonal
directions, as given by the last equation, is shear induced and
its asymmetry �x̃�t�ỹ�0��� �x̃�0�ỹ�t�� with respect to time re-
flection t→−t is one of the important effects of shear flow on
the distribution of fluctuations.

For t�0, the algebraic prefactor in Eq. �35c� illustrates
that a fluctuation ỹ�0��0 of a particle is carried away by the
flow along the x direction before the initial displacement
starts to relax remarkably. This leads, during an initial period
of time shorter than the relaxation time 	p, to the growth of
�x̃�t�ỹ�0��, while �x̃�0�ỹ�t�� decays monotonically �solid line
in Fig. 2 corresponding to t�0�. The predicted elementary
signatures for the shear-induced cross-correlations, as shown
in Fig. 2, are in agreement with experimental data as de-
scribed recently in Ref. �15�. The expression �x̃�t�ỹ�0�� is
proportional to the Weissenberg number and takes its maxi-
mum at half of the particle’s relaxation time tmax=	p /2. For
the correlations of the velocity fluctuations of the fluid in
orthogonal directions a similar signature as in Eq. �35c� has
been found �13�, where however the mechanism is slightly
different.

A comparison of the absolute values of the particle’s fluc-
tuations with experimental results may be difficult. However,
one obtains from Eq. �35� and in terms of the dimensionless
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Weissenberg number the following normalized ratios of the
static correlations

�x̃�0�ỹ�0��
�ỹ�0�ỹ�0��

=
Wi

2
, �36a�

�x̃�0�ỹ�0��
�x̃�0�x̃�0��

=
Wi/2

1 + Wi2/2
. �36b�

The left hand side and the right-hand side of Eq. �36� can be
measured independently in different experiments and the re-
sults can be compared afterwards.

An anisotropic distribution of the particle’s velocity P�ṽ�,
as given by Eq. �26�, is only obtained in the case of a finite
cross-correlation fxy of the stochastic forces. In contrast to
this, the particle’s distribution P�r̃� has in the overdamped
limit an elliptical shape in the xy plane, even for a vanishing
cross-correlation magnitude fxy =0. In this limit an elliptical
distribution P�r̃� is shown in Fig. 3 for the Weissenberg
number Wi=2 and the relaxation time 	p=1. In Fig. 3 the
time evolution of the particle’s position, obtained by simula-
tions of the basic Eq. �8�, is plotted at equidistant times. This
positional distribution can be characterized by the angle �p
of the ellipsoid and the ratio Vp of its principal axis. The
general expressions for �p and Vp, as given by Eqs. �24� and

�25�, can be further simplified in the case of a linear shear
flow to functions of the dimensionless Weissenberg number
Wi only

tan �p =
1

2
�
4 + Wi2 − Wi� , �37a�

Vp = �
4 + Wi2 − Wi

4 + Wi2 + Wi

�1/2

. �37b�

The two expressions in Eq. �37� suggest measurements of the
shear-induced particle fluctuation effects, which are comple-
mentary to the measured static correlations. In experiments
the particle positions may be recorded at equidistant times.
By plotting these subsequent particle positions in the shear
plane, a similar distribution is expected as shown by our
numerical simulation in Fig. 3. From such an experimentally
measured distribution for different shear rates the angle �p
and the ratio between the principal axes, Vp, may be deter-
mined. If the determination of the Weissenberg number Wi is
difficult or if the precision is not sufficient Eqs. �36� and �37�
allow a consistency check between different aspects of the
particle fluctuations, without a separate measurement of Wi.
A cross-check has recently been performed in an experiment
in which a good agreement between both approaches has
been found, cf. Ref. �15�.

In the limit of a vanishing Weissenberg number, Wi→0,
the angle �p of the ellipsoidal particle’s distribution tends to
�p=� /4 and the positional variance becomes isotropic,
�x̃2�= �ỹ2�, corresponding to the ratio Vp=1. This trend is
similar to the dependence of the orientation of vesicles in
shear flow �57� or to the local orientation of the order param-
eter of nematic liquid crystals in plane shear flows �58�.

If �̇ and therefore Wi is increased, the angle �p between
the longer semiaxis and the x axis as well as the ratio Vp will
decrease as shown in Figs. 4 and 5. The triangles in those
figures have been obtained by numerical simulations of Eq.
�8� for the same values of the Weissenberg number as used
for the analytical curves. In our simulations of the Langevin
model we have assumed an isotropic and Gaussian distrib-
uted white noise and vanishing cross-correlations fxy =0. The
simulation results confirm the assumption of a Gaussian dis-

FIG. 2. Time dependence of the shear-induced cross-
correlations �x̃�t�ỹ�0�� �dashed line� and �x̃�0�ỹ�t�� �solid line� as
given by Eq. �35c� for the Weissenberg number Wi=1 and the
relaxation time 	p=1.

FIG. 3. Positional distribution of a particle in a harmonic poten-
tial with its minimum at r0= �0,0 ,0� and exposed to a linear shear
flow, as obtained by a stochastic simulation of the Eq. �8� in the
overdamped limit for the Weissenberg number Wi=2 and the relax-
ation time 	p=1.

FIG. 4. The angle of the ellipse in the xy plane with respect to
the flow lines as a function of the Weissenberg number Wi, as it is
given by Eq. �37a�. The triangles are the result of a simulation of
Eq. �8� in the overdamped limit.
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tribution of the particle positions in the case of a shear flow
in Sec. III. The analytical and numerical results on �p and Vp
in Figs. 4 and 5 are in good agreement.

B. Plane Poiseuille flow

A Brownian particle is trapped by a harmonic potential
close to r0= �0,y0 ,0� and exposed to a plane Poiseuille flow
along the x direction,

u�y� = up�1 −
y2

l2 �êx. �38�

The particle fluctuations x̃ and ỹ describe deviations with
respect to the mean values y0 and �x�, which is not zero as
determined below. The flow velocity along the x direction
may be expressed for further analysis in terms of the fluc-
tuations ỹ as follows

ux�ỹ� = up�1 −
y0

2

l2 � − 2
upy0

l2 ỹ −
up

l2 ỹ2. �39�

Comparing this expression with Eq. �1� the coefficients in
the latter equation are given by

c = − � ª −
up

l2 ,

a = up − �y0
2,

b = − 2�y0. �40�

Here � describes the second derivative of the velocity pro-
file, b the local shear rate and

Wi�y0� ª − 2	p�y0, �41�

the local Weissenberg number Wi�y0�. With these identifica-
tions the elements of the covariance matrix C are again given
via the expressions in Eq. �18� in terms of the strength of the
noise, fxx, fxy, fyy, and fzz and the flow parameters.

The mean position of the particle in a plane Poiseuille
flow can be determined via Eq. �12�

�x� = 	p�up − ��y0
2 +

1

3
R2� − ��ỹ2�� . �42�

In contrast to a linear shear flow, it includes a contribution
depending on the particle’s radius R, which is a pure deter-
ministic effect due to Faxén’s theorem �2,51�. The last term
on the right-hand side describes an additional shift based on
the positional variance �ỹ2� in the y direction. Both contribu-
tions are proportional to the second derivative � of the flow
profile and are therefore not present in linear shear flows.

In experiments Eq. �42� may be used to measure the spa-
tial variation in the flow profile by detecting the mean dis-
placement of a particle of radius R out of the optical tweezer
potential. For such a measurement usually deterministic for-
mulas are used to describe the relation between the displace-
ment and the flow velocity. But Eq. �42� indicates that a
correction due to thermal motion has to be taken into ac-
count.

The relations given by Eq. �18� relate the fluctuations of
the velocity and the position of a particle to the externally
controlled flow properties and the magnitudes of the thermal
fluctuations. Consequently they allow, in a similar manner as
to the linear shear flow, a determination of the magnitudes of
the stochastic forces in terms of the measured covariances of
the particle fluctuations

fyy = 2k��ỹ2� , �43a�

fxy = 2k���x̃ỹ� −
1

2
Wi�y0��ỹ2�� , �43b�

fxx = 2k���x̃2� −
1

2

Wi�y0�
	p�2 �ỹ2�

−
2

3
	p

2�2�5 + 2	p
2�2

1 + 2	p
2�2��ỹ2�2 − Wi�y0��x̃ỹ�� . �43c�

The difference compared to Eq. �33� is an additional contri-
bution to fxx, which depends on the second derivative of the
Poiseuille flow. Further comments made above for a linear
shear flow hold as well.

Similar to the end of the previous Sec. IV A, we neglect
from here on the particle inertia and we assume in addition
isotropically distributed noise with fxy =0 and f ii=2kBT�. The
static correlations of the particle’s positional fluctuations in
the shear plane, given by Eq. �18�, then reduce to

�x̃2� =
kBT

k
�1 +

1

2
Wi�y0�2 +

2

3
�2	p

2 kBT

k
� , �44a�

�ỹ2� =
kBT

k
, �44b�

�x̃ỹ� = �ỹx̃� =
kBT

k

Wi�y0�
2

. �44c�

The static cross-correlation �x̃ỹ� has the same dependence on
the Weissenberg number as in the linear shear case Eq. �35c�
at t=0, if the local shear rate of the Poiseuille flow at the

FIG. 5. The ratio Vp of the principal axis of the ellipse in Eq.
�37b�, as a function of the Weissenberg number Wi. The triangles
are the result of a simulation of Eq. �8� in the overdamped limit.
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potential center is taken. In contrast to a linear shear flow
profile, the mean-square displacement of the particle in x
direction, given by Eq. �44a�, includes an additional constant
contribution, Gª2 /3��	pkBT /k�2, which is independent of
the position of the potential minimum in the Poiseuille flow
and therefore also independent of the local Weissenberg
number. Besides the dependence on the second derivative �
of the flow profile, the contribution G is a direct function of
the fluid temperature. Due to this contribution in Eq. �44a�
one has �x̃2�� �ỹ2� and the isotropy of the particle’s posi-
tional distribution in the shear plane is broken. This broken
rotational symmetry also changes the analytically determined
distribution function in Sec. III B along with the correlation
matrix Cij for a Poiseuille flow.

In addition to the calculations, we have performed simu-
lations of the particle dynamics where we used isotropic and
Gaussian distributed white noise in the overdamped version
of Eq. �8�. The resulting distributions for the particle’s posi-
tion are shown in Fig. 6 for three different positions y0 of the
potential center. With the potential minimum at the center of
the flow �y0=0� the numerical results show a broken mirror
symmetry in x direction of the particle’s positional distribu-
tion, cf. Fig. 6�a�. One recognizes a parachute shape that is
similar to the well-known conformation of vesicles and red
blood cells in the center of a Poiseuille flow �59�. If one now
makes the heuristic assumption of a Gaussian distribution for
the particle’s position in the case of a Poiseuille flow, as in
Sec. III, but with the correlation matrix Cij determined in
terms of the Poiseuille flow parameters, one expects for the
parameters in Fig. 6�a� an elliptical shape of the particle
distribution. Indeed, the ratio between the principal axis in
Fig. 6�a� is slightly smaller than 1.0. But within this analyti-
cal approximation, the x symmetry is not broken, which
indicates the limitation of the heuristic approach.

Away from the center of the Poiseuille flow, for finite
values of y0�0, the y symmetry of the particle’s positional
distribution is also broken, as shown in Figs. 6�b� and 6�c�.
With increasing values of y0 the local shear rate acting on the
particle increases as well as the local Weissenberg number
Wi�y0�. Consequently the cross-correlation �x̃ỹ� in Eq. �44c�
becomes nonzero and the particle’s positional distribution in
the xy plane approaches, according to our analytical results,
an elliptic shape as indicated by the ellipses in Figs. 6�b� and

6�c�. Again the full numerical simulations show deviations
from the elliptical shape.

However, the inclination of the distribution and the incli-
nation of the analytically determined ellipses agree rather
well and therefore a determination of the angle �p for a
Poiseuille flow according to Eq. �24�, similar to that in the
previous chapter, is reasonable and �p has the following
form

tan �p =
1

2
�−

y0

y0

4 + �Wi�y0� +

4

3

	p
2�2

Wi�y0�
�ỹ2��2

− �Wi�y0� +
4

3

	p
2�2

Wi�y0�
�ỹ2��� . �45�

We have shown in Sec. IV A, how the angle �p and the ratio
Vp depend on the Weissenberg number of the linear shear
flow. Since the local shear rate in a Poiseuille flow depends
on the location y0 of the minimum of the potential, one may
plot �p and Vp �which is calculated via Eq. �25�� as a func-
tion of y0 as shown in Fig. 7. Since the particle’s distribution
is anisotropic in the xy plane even for y0=0, see Fig. 6�a�,
the corresponding principal axes are always unequal. This
behavior is reflected in Fig. 7�b� where the inequality Vp
�1 holds for all values of y0. The dependence of the angle
�p on the local shear rate in a Poiseuille flow differs from the
case of a linear shear flow: the function �p�y0� is always well
defined, even at the center of the flow, where it vanishes.
This is one consequence of the asymmetry of the particle
distribution. With increasing values of y0 and therefore with
increasing values of the local shear rate, the angle �p in-
creases as well until it reaches some maximum value �max at
y0;max, as given by the following equations:

y0;max = 
�ỹ2�
3

, �46a�

�max = � arctan�
1 +
4

3
	p

2�2�ỹ2� − 2	p�
�ỹ2�
3
� .

�46b�

y0,max depends only on �ỹ2� and therefore on the width of the
particle’s distribution in y direction, which is determined by

FIG. 6. Positional distribution of a Brownian particle in the xy plane captured by a harmonic potential with its minimum at x0=z0=0 and
for different values of y0. The particle is exposed to a Poiseuille flow and its dynamics have been calculated by stochastic simulations of the
Eq. �8� in the overdamped limit for �=1, kBT=0.1, and 	p=1.
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the ratio between the thermal energy and the spring constant
related to the harmonic potential acting on the particle. In-
creasing y0 beyond y0,max the local shear rate, Wi�y0�, in-
creases too, but �p starts to decrease; a similar behavior as
seen in Sec. IV A. In the range y0� y0,max the local shear
dominates the curvature effects more and more and the Poi-
seuille flow resembles a linear shear flow. In addition, the
particle’s distribution approaches an ellipse as obtained by
the heuristic approximation. As mentioned above, the heuris-
tic analytical approach becomes exact in the case of a linear
shear flow.

In Fig. 7 the analytical results on �p and Vp have been
compared with our numerical simulations. In spite of the fact
that we assumed for our analytical calculations a Gaussian
distribution of the positional fluctuations x̃ and ỹ, the results
show surprisingly good agreement. The major reason for this
good agreement is that we calculated the inertia tensor for
the particle distribution, which includes only second order
moments as assumed for the Gaussian distribution.

C. Pipe flow

For a flow profile in a pipe of radius d, cylindrical polar
coordinates are appropriate. Similar to a plane Poiseuille
flow the dependence of the velocity profile on the radial
position � is also quadratic. Consequently, the � dependence
corresponds now to the y dependence in the case of the plane
Poiseuille flow. The velocity profile for the pipe flow, where
the pipe axis coincides with the x axis, is of the following
form,

ux = up�1 −
�2

d2� . �47�

The results described above in Sec. IV B apply qualitatively
also for the pipe flow.

With the potential minimum located at �0 the coefficients

in the Eq. �1� are a=up�1−
�0

2

d2 �, c=−�ª−
up

d2 , and b=2�0c.
Moreover, one has to consider ā=a+ 2

3R2c in Eq. �5�. The
major difference to the plane Poiseuille flow is the prefactor
2
3 instead of 1

3 . This is a consequence of the 2D Laplacian
instead of a 1D second derivative in Eq. �4�. The mean po-
sition of the particle is in terms of the pipe flow of the fol-
lowing form

�x� = up	p − �	p�y0
2 +

2

3
R2� − �	p�y2� . �48�

Besides the factor 2 in front of R2 this expression corre-
sponds to that in Eq. �42�.

V. CONCLUSION

In this work, we have calculated analytically and numeri-
cally the autocorrelations and cross-correlations between dif-
ferent components of the velocity and the positional fluctua-
tions of a Brownian particle in a harmonic potential, which is
exposed to different shear flows. In addition, the particle’s
probability distribution in the harmonic potential has been
determined as a function of the flow parameters. By solving
an appropriate Langevin model, cross-correlations between
velocity and positional fluctuations along orthogonal direc-
tions have been found and several suggestions for experi-
mental measurements are made.

Cross-correlations between orthogonal velocity compo-
nents occur only if there is already a cross-correlation be-
tween stochastic forces along orthogonal directions in the
related Langevin model. On the other hand, we find cross-
correlations between particle fluctuations along orthogonal
directions without cross-correlations of orthogonal stochastic
force components and their magnitude increases with the di-
mensionless shear rate, the Weissenberg number.

There are recent calculations on shear-induced cross-
correlations between orthogonal fluctuations of freely float-
ing particles �16,18�. They have the same origin as those
discussed in this work. However, while measurements of the
shear-induced cross-correlations of freely moving particles
may be difficult, shear-induced cross-correlations for par-
ticles in a potential can be measured in a controlled manner.
This insight was the basis of recent successful measurements
on the cross-correlations between particle fluctuations along
orthogonal directions as described in Ref. �15�. In this ex-
periment, harmonic potentials for small latex spheres are in-
duced by optical tweezers. The particle is simultaneously
exposed to a linear shear flow in a special flow cell and its
Brownian motion is investigated directly. In the same experi-
ment and in a forthcoming work, the cross-correlations and
anticorrelations between two particles captured in two neigh-
boring potentials and exposed to shear flows are also inves-
tigated.

The measurements on the positional cross-correlation,
�x�t�y�0��, presented in Ref. �15�, exhibit a similar maximum
as predicted by the expression in Eq. �35c� and as shown in
Fig. 2. This maximum is a typical signature of Brownian
motion in shear flow and it is found where the shear rate

FIG. 7. The angle �p in the xy plane according to Eq. �45� is
shown in �a� and the ratio Vp between the two principal axes, as
determined by the Eq. �44� and Eq. �25�, is shown in �b�. Both are
plotted as a function of the position of the potential minimum y0

and for the parameters �=	p=1, �ỹ2�=kBT /k=0.1. The triangles
are the result of simulations of the Eq. �8� with the same parameter
set.
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approximately equals half of the particle’s relaxation time.
Also the elliptic shape of the particle’s distribution, P�r�, as
shown in Fig. 3, has been measured in Ref. �15�. The angle
�p, enclosed by the major axis of the distribution P�r� and
the ratio Vp between the length of the two principal axes on
the one hand and the magnitude of the static correlations on
the other hand focus on different aspects of the dynamics of
a particle in a potential exposed to a shear flow. The interre-
lation between these different aspects of the Brownian par-
ticle dynamics can be used for consistency checks in experi-
ments; such cross-checks are described Ref. �15� for the case
of a linear shear flow. They are also possible in experiments
with Poiseuille flow as forthcoming measurements may dem-
onstrate.

Shear-induced correlations of fluctuations of the fluid ve-
locity with respect to a linear shear flow were found theo-
retically �13,14�. They are traced back to the non-normal
property of the Navier-Stokes equation linearized around the
linear shear profile �13� and these velocity fluctuations play
an important role in a shear flow for its instability and the
onset of turbulence. The cross-correlations between these ve-
locity fluctuations exhibit a similar extremum as given by
Eq. �35c�, but it is a slightly different mechanism leading to
this similar behavior on the level of the correlation function.
This interrelation may be discussed in more detail in future
work.

Stochastic forces acting on a particle in a fluid are caused
by the velocity fluctuations of the fluid surrounding a par-
ticle. In quiescent fluids the correlations for velocity fluctua-
tions are isotropically distributed. For reasons of simplicity,
this is quite often assumed in models to investigate the
Brownian motion of particles in shear flow. In that case,
cross-correlations between stochastic forces along orthogo-
nal directions vanish in the Langevin equation of motion.
Shear-induced cross-correlations between orthogonal compo-
nents of fluctuations of the fluid velocity are indeed small
compared to the shear independent contributions �14,23� and
hence this simplification is reasonable. However, to which
extent such cross-correlations of the fluid velocity may quan-
titatively modify the presented results on the cross-
correlations of particle displacements need further investiga-
tions.

In numerical simulations of the dynamics of a Brownian
particle in a potential and exposed to a Poiseuille flow we
found higher order correlations for the particle fluctuations
of non-Gaussian behavior. However, for deriving our analyti-
cal results on the angle �p, which the major axis of the
particle distribution encloses with the flow direction, and the
ratio Vp between the lengths of the two principal axes, we
assumed Gaussian distributed particle fluctuations also in
Poiseuille flow. Accordingly, a perfect agreement between
the results of the numerical simulations and the analytical
calculations on �p and Vp could not be expected. Neverthe-
less, we find good agreement between both approaches, cf.
Fig. 7, especially further away from the center of the Poi-
seuille flow, where the linear contribution in the flow profile
dominates and where the assumptions are better fulfilled.
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APPENDIX A: CROSS-CORRELATION Šṽx(t)ṽy(t)‹

In this appendix, we discuss the correlation �ṽx�t�ṽy�t��
and we show that it includes, besides the contribution 
fxy in
Eq. �18c�, in the limit k→0 an additional contribution 
fyy,
which corresponds to the result described in Ref. �18� from
Eq. �11� one obtains

ṽx�t� = 	
0

t

d	avv�t − 	��Fx
b�	�
m

+ 2�bỹ�	�� , �A1�

ṽy�t� = 	
0

t

d	avv�t − 	�
Fy

b�	�
m

, �A2�

ỹ�	� = 	
0

t

d	�arv�	 − 	��
Fy

b�	�
m

, �A3�

with the abbreviations

avv�t� = êv
TeL�t�êv, �A4�

arv�t� = êr
TeL�t�êv with êr = �1

0
� . �A5�

The equal-time velocity correlation takes then the form

�ṽx�t�ṽy�t�� = 	
0

t

d		
0

t

d	�avv�t − 	�avv�t − 	��

��Fx
b�	�Fy

b�	��
m2 � + 2�b	

0

t

d	avv�t − 	�

��ỹ�	�ṽy�t�� . �A6�

With the correlation between the position ỹ�t� and the veloc-
ity ṽy�t�,

�ỹ�	�ṽy�t�� =
fyy

m2	
0

min�t,	�

d	�arv�	 − 	��avv�t − 	�� ,

�A7�

one ends up with the expression

�ṽx�t�ṽy�t�� =
fxy

m2	
0

t

d	avv�t − 	�2

+ 2�b
fyy

m2	
0

t

d		
0

	

d	̃avv�t − 	�arv�	 − 	̃�avv�t − 	̃�

=
fxy

m2

G1�t�
2

+ 2�b
fyy

m2

G2�t�
4

, �A8�

where we have introduced the functions G1�t� and G2�t� as
well as the parameter �

DYNAMICS OF A TRAPPED BROWNIAN PARTICLE IN… PHYSICAL REVIEW E 81, 041124 �2010�

041124-11



G1�t� = �� cos2��t�
�2 +

cos��t�sin��t�
�

−
�2 + 2�2

2�2�
�e−2�t +

1

2�
,

�A9�

G2�t� = � sin��t�cos��t�
2�3 −

� sin2��t�
�4 +

t sin2��t�
2�2

+
�t cos��t�sin��t�

�3 −
t cos2��t�

2�2 �e−2�t, �A10�

� = 
�2 − �2. �A11�

In the limit t→� the contribution G1�t� remains finite,
limt→�G1�t�= 1

2� . For finite values of 	p=� /k the function
G2�t� vanishes on a time scale t�1 / �2�� too. But in the limit
of a vanishing laser tweezer potential, k��2→0, one has
��  i��−�2 / �2��+. . .� and in this limit some contributions
of G2�t� cancel each other and the remaining terms are pro-
portional to exp�−2t /	p�. These contributions do not decay in
the limit 	p→� and one gets G2�t�=1 / �8�3�. In this case
one obtains even for fxy =0 a nonzero cross-correlation
�ṽx�t�ṽy�t��=

bfyy

4�2 , which is exactly the same result as de-
scribed in �18�.

APPENDIX B: ANISOTROPIC TRAP

In experiments the force exerted by the optical tweezer on
a colloidal particle may be anisotropic in the shear plane. For
instance, the force constant may be different along and per-
pendicular to the laser beam. If the laser beam does not hit
the shear plane perpendicularly the difference between the
force constants in x and y direction increases with the devia-
tion from the orthogonal direction to the shear plane. Let’s
assume in Eq. �3� a different force constant for each direc-
tion: kx, ky, and kz.

The relaxation of the particle is now different along dif-
ferent directions around the potential minimum. In order to
take this effect into account, we introduce three relaxation
times in the same way as in Sec. III,

	p;i =
2�

�i
2 =

�

ki
, �B1�

and we further define the fraction

� ª

�y

�x
=

ky

kx
. �B2�

between the eigenfrequencies in the shear plane, which is
used to express ky by kx via ky =�kx.

The covariance matrix C from Sec. III depends now in a
complex manner on the different force constants, but in the
limit �→1 and kz=kx the result from the previous sections
are obtained again.

The different static correlations as given for the isotropic
forces in Sec. III change as follows:

�ṽy
2� =

1

4

fyy

m2�
, �B3�

�ỹ2� =
1

4

fyy

m2��y
2 =

�ṽy
2�

�y
2 , �B4�

�ṽx
2� =

1

4

fxx

m2�
+

1

2
b2�ỹ2��1 +

8

3
c2 �x

2	p;x
2

�1 + 2	p;x
2 �x

2�
�ỹ2�2�2

− b
1 − �2

1 + �2

2�ṽxṽy�
	p;x�x

2 , �B5�

�x̃2� =
�ṽx

2�
�x

2 +
1

2
	p;x

2 b2�ỹ2��1 +
2

3
	p;x

2 c2�ỹ2�2�2

+ b	p;x
2�ṽxṽy�

�x
2�1 + �2�

, �B6�

�ṽz
2� =

1

4

fzz

m2�
, �B7�

�z̃2� =
1

4

fzz

m2��y
2 =

�ṽz
2�

�z
2 , �B8�

where the following abbreviations have been introduced:

�1 = 2
�2

1 + �2 ,

�2 = 3�2

	p;x
2 �x

2 +
1

6
�1 + 2�2�

�1 + 2�2�	p;x
2 �x

2 +
1

6
�1 − 4�2�2

,

�1 = 2

�1 + �2�2 +
�1 − �2��1 + 2�2�

	p;x
2 �x

2 +
1

4

�1 − �2�3

	p;x
4 �x

4

�1 + �2���1 + �2� +
1

2

1

	p;x
2 �x

2 �1 − �2�2�2 ,

�2 =

1 +
1

3

1

	p;x
2 �x

2 �2 + �2� +
1

12

1

	p;x
4 �x

4 �1 – 2�2��1 – 4�2�

1 +
1

2

1

	p;x
2 �x

2� �1 + 2�2�
3

+
1

2

1

	p;x
2 �x

2

�1 – 4�2�2

9
� .

Since the y and z displacements are independent of any other
direction, as can be seen in Eq. �11�, their autocorrelations
are functions of the individual force constant only and do not
depend on �. However, the autocorrelations for the velocity
and the position in x direction depends in a complex manner
on the different force constants. The same applies for the
cross correlations in the shear plane as follows
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�ṽxṽy� = �ṽyṽx� =
1

4

fxy

m2�
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2�1 + �2� +
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4
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�x̃ỹ� = �ỹx̃� = � �ṽxṽy�
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